2522 Macromolecules 1985, 18, 2522-2530

(17) Tsunashima, Y.; Nemoto, N.; Kurata M. Macromolecules 1983,
16, 584.

(18) They are the data at the scattering angle 8 = 30° for the so-
lutions of F4 series with cpg = 0.01, 0.03, and 0.05 (g/g) and
also of F20 series with cpg = 0.003, 0.01, and 0.02.

(19) Osaki, K.; Nishizawa, K.; Kurata, M, Macromolecules 1982, 15,
1088.

(20) D of F80 series smoothly connects to the D, data of PS with
M = 360000 in THF reported by Wesson et al. (Wesson, J. A,;
Noh, I; Kitano, T.; Yu, H. Macromolecules 1984, 17, 782) if

correction for solvent viscosity is made.

(21) Nemoto, N.; Landry, M. R.; Noh, I; Kitano, T.; Wesson, J. A.;
Yu, H. Macromolecules 1985, 18, 308.

(22) Phillies, G. D. J. J. Phys. Chem. 1981, 85, 2838.

(23) Kawahara, K. Protein, Nucleic Acid Enzyme 1968, 13, 798.

(24) Cukier, R. I. Macromolecules 1984, 17, 252.

(25) Moseley, M. E. Polymer 1980, 21, 1479.

(26) The interrelation between f, and f,, for rigid spherical macro-
particles in concentrated solutions has been discussed in detail
by Phillies (Phillies, G. D. J. Macromolecules 1984, 17, 2050).

Center of Diffusion of Flexible Macromolecules

William A. Wegener'

Center for Muscle Research, Baylor Medical Research Foundation, Dallas, Texas 75246.

Received January 9, 1985

ABSTRACT: We analyze the translational diffusion of an isolated flexible macromolecule by starting on
a microscopic level that includes all degrees of freedom and allows for coupling between translational, rotational,
and internal motions. Every flexible macromolecule is found to have a unique center of diffusion, which is
that point of the body undergoing the slowest average Brownian displacements. The configurationally dependent
location of this point is determined from a second-order partial differential equation involving the internal
degrees of freedom. A perturbation treatment reduces the diffusion equation governing all the body’s degrees
of freedom to the ordinary diffusion equation governing the translational motions of some equivalent point
particle with diffusion coefficient D,. By identification, the average microscopic motions of the center of diffusion
are shown to characterize the diffusive motions of the body over large distances. We consider several bounds
to the macroscopic translational diffusion coefficient D, that might eliminate the need to explicitly determine
the center of diffusion. As an example, a frictionless centrally hinged rod is considered by using bead model
methods in order to provide a realistic treatment that includes hydrodynamic interactions between rod halves.
For the 20-bead case considered, D, increases less than 7% from a straight rigid rod and is estimated to at

least 1% by bounds that include a simple rigid-body approximation.

Introduction

Brenner!™ first considered the effects of rotational-
translational coupling on the diffusion coefficients that
govern the random microscopic displacements of rigid
bodies with irregular shapes. He showed that every rigid
body has a unique center of diffusion where the 3 X 3
matrix describing the coupling is symmetric. Like the
center of mass in inertial mechanics, this is the natural
point to use when evaluating diffusive behavior. Even so,
the description of diffusive behavior remains more com-
plicated than inertial mechanics since rotations and
translations generally cannot be uncoupled.

Brenner’s work has been recently reexamined and ex-
tended by several groups interested in modeling compli-
cated biological macromolecules at low Reynold’s num-
bers.>¥ In particular, it has now been rigorously estab-
lished that the diffusional motions of a rigid body over
macroscopic distances are the same as the average mi-
croscopic motions of its center of diffusion.!! Since
Brenner had derived a simple algebraic expression for the
location of the center of diffusion, the needed macroscopic
translational diffusion coefficient, denoted D, can be de-
termined exactly within these models.

The situation is not as satisfactory regarding the proper
determination of D, for flexible macromolecules in which
translational motions are coupled to additional internal
modes.3%17 Although methods exist for determining the
instantaneous diffusion coefficients of a flexible body with
some particular configuration (see, for example, ref 18-21),
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no relation has been established between the microscopic
displacements that these coefficients directly govern and
the body’s translational diffusion over large distances.

In this paper, we show that an isolated flexible body does
indeed have a unique center of diffusion whose average
microscopic motions characterize its macroscopic motions.
We first examine the positional dependence of the diffu-
sion coefficients governing the translational displacements
of a point in the body. From a minimization condition,
an analytic expression is found for the location of a center
of diffusion. In order to rigorously prove that the resulting
point does characterize macroscopic motions, we turn to
perturbation theory. In the limit of motion over distances
large compared to body size, the diffusion equation gov-
erning all the body’s degrees of freedom reduces to the
usual diffusion equation governing the translational
motions of a point particle with diffusion coefficient D,.
By identification, D, is the translational diffusion coeffi-
cient governing the average displacements of the center
of diffusion. As an example, we consider several cases of
a centrally hinged rod that bends either freely within a
variable limited range or under the influence of a restoring
potential. In each case, the center of diffusion is deter-
mined and D is found to depend little on the type or
degree of flexibility. Several approximations that eliminate
the need to explicitly determine the location of the center
of diffusion are shown to give excellent bounded estimates
of D,

An assumption underlying the following analysis is that
all configurations are dynamically interchangeable on an
appropriate macroscopic time scale, so that a particle can
indeed be described by one D,. Generalizations to include
noninterchanging configurations (untieable knots, etc.) will

© 1985 American Chemical Society
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not be made, since the results should be merely the same
as if multiple noninteracting species were present, each
with their own D,.

Diffusion Matrices for Flexible Bodies

We consider an isolated flexible macromolecule under-
going random motions in a stationary viscous fluid of in-
finite extent. We assume the body has m + 3 degrees of
freedom represented by generalized coordinates g®. The
stochastic properties of small displacements Ag* occurring
in time interval At obey a Brownian motion relation given
by Fixman.?2 If ( ) denotes average value, then for all «,
B<m+3

(Aq¥Aqg®) = 2D*8At (1)

where D*? are the components of an (m + 3)-dimensional
diffusion tensor D which is symmetric and positive-defi-
nite.

We now assign the first three coordinates to translational
degrees of freedom and the last m coordinates to orien-
tational degrees of freedom that include internal degrees
of freedom as well as 3 degrees of freedom describing ex-
ternal orientations relative to laboratory axes. Let rp be
_ a position vector of some point P in the body relative to
laboratory axes, and let ¢ be a compact notation denoting
orientation. The (m + 3)-dimensional displacement vector
Aq can then be represented as (Arp, Ap), where Arp is a
small displacement of point P and Ae is a small orienta-
tional displacement about P.

D partitions in this representation into a 3 X 3 matrix
tDp, governing motions of point P, an m X m matrix 'D,
governing orientational motions, and an m X 3 matrix °Dp,
governing coupling between orientational motions and
motions of point P according to

|

|

D:——=- i~ (2)
e 1
I

De

where t denotes matrix transpose. By the use of dyadic
products of Arp and Ay, eq 1 decomposes into three re-
lations

(AI'PAI'P> = 2tDpAt
(A(pAl‘p) = ZCDPAt
(ApAp) = DAL 3)

To continue, let rpp denote the position vector directed
from point P to any other point P’in the body. This vector
is generally a function of the body’s configuration and its
configurational changes are given by a 3 X m matrix Rpp,
with components (Rpp)*® for i = 1, 3 and @ = 1, m given
as the partial derivatives drpp’/d¢®. Since these changes
reflect rigid rotations as well as internal motions, it is easy
to show that Rpp vanishes if rpp does, but otherwise some
components always exist. Note that Rpp = —Rpp.

For a given orientational displacement A¢, a displace-
ment of P’is related to that of P according to

Arp = Arp + Rpprqa (4)

We can now establish the functional relation between
the diffusion matrices evaluated, for a particular orienta-
tion, at two different points P and P’. The form of the
Brownian motion expressions must be the same regardless
of which point is used. Rewriting eq 3 at P’ and replacing
Arp by eq 4, we find that *D is independent of which point
is used, while *Dp and “Dp are expressed as

tDp = tDp + Rpp/'rD'RPP«T + CDPT'RPP/T + RPP"CDP (5a)
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‘Dp = ‘Dp + 'D-Rpp! (5b)

Microscopic Translational Diffusion

The configurations of an isolated particle are assumed
to be distributed according to standard Boltzmann sta-
tistics. As such, the average translational motions of a
point can be obtained by averaging over all orientational
coordinates with the internal configurations weighted by
an equilibrium Boltzmann distribution while all external
orientations are taken as equally probable. This average
will be denoted by an overbar, such that, if f = f(¢) is some
function of orientations, then f is defined as

7= N [ (o) exp(-6V)g"/? d"o (6)
with normalization coefficient N given as
Nt = [exp(-6V)g” dme (6b)

and where 8 = (kT)7}, k is the Boltzmann constant, T is
the absolute temperature, V = V{(y) is an internal poten-
tial, d™¢ is the m-dimensional volume element for orien-
tational coordinates, and g'/? is an effective Jacobian. g
is the determinant of some appropriate metric tensor for
the orientational degrees of freedom and has been the
subject of considerable debate.”>% When explicitly needed
in later application to a freely hinged rod, g'/2 will simply
be chosen to agree with conventional statistical mechanical
weighting factors.

Because the distribution is isotropic with respect to
external orientations, the average of any body-fixed 3 X
3 matrix is equal to the average of one-third its trace times
the unit matrix I. As such, we define coefficient *Dp ac-
cording to

*Dp = (1/3) Tr D (7

where Tr denotes trace. From eq 3, 'Dp characterizes the
average Brownian motion displacements of point P ac-
cording to

(1/3){ArpArp) = 2:DpAt ®)

From eq 5a and 7, the positional dependence of this
coefficient can be expressed

tDP =
tD—p + (1/3) Tr (Rpp"rD'Rpp/T) + (2/3) Tr (RPP"CDP)
©

Since *D is positive-definite, the right-hand side term that
is quadratic in Rpp is never negative. From the nonvan-
ishing properties of Rpp mentioned above, this term van-
ishes only if points P and P’ coincide for all configurations.
The remaining linear term in Rpp is indefinite in sign. If
it is, say, positive for some P’, then a point P” exists as
defined by rpp: = —rpp for which the term would be neg-
ative because Rppr = —Rpp. _ _

If the linear term vanishes, then t!Dp > *Dp. Thus, there
can be at most one point P in the body where the linear
term vanishes for all other points P, and, by construction,
this must be the unique local minimum of *Dp, rather than
some other extremum. To show existence, let P” be de-
fined by rpp: = erpp for some small constant ¢. Since Rpp.
= Rpp, the linear and quadratic terms vary as ¢ and ¢
from their values determined for P’. As long as the linear
term exists for P, ¢ can always be chosen small enough and
with the right sign to ensure that *Dp. < *Dp. Thus, if *Dp
has a local minimum at some point P, the linear term must
vanish there for all other points P’. On the other hand,
if the linear term does not vanish at P for all other points,
then tDp. < tDp holds for some other point P”. Since *Dp
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is positive and has some lower bound D._ the linear term
must therefore vanish in the limit that *Dp — D._.

By the preceding arguments, a unique point always ex-
ists in every flexible body where tDp has its minimum
value. This point is referred to as the center of diffusion
and is that particular point D satisfying

0 = Tr (RppDp) (10)

for any point P. From eq 5, 9, and 10, tDp can be written
as

tDp = tDD + (1/3) Tr (RPD'tD’RPDT) =
Dp ~ (1/3) Tr RppDp) (11)

Equations 10 and 11 hold for an arbitrary flexible body.
In order to obtain somewhat simpler expressions, we make
use of the fact that the internal potential V() is com-
pletely general and can maintain any desired internal
distribution via the Boltzmann weighting factor. In par-
ticular, we now assume for the remainder of this section
that the internal coordinates are themselves unrestricted
or cyclic. This allows us to carry out orientational inte-
gration by parts without generating surface terms along
internal boundaries.

Explicitly writing out eq 10, integrating by parts with
regard to the partials 8/d¢" involved in Rpp, and ignoring
any surface terms yields

3 m
0= % X [ (rop)dlexp(-8V)g"/*(Dp)*] /3¢ d™

i=1 a=1

Since this holds for any point P, rpp is a completely ar-
bitrary vector function of . In order for the expression
to always vanish, the remaining integrand terms must
vanish identically for each component { and orientation
¢. Thus the center of diffusion is defined according to

0= Tolexpl-VIg (Do /0 (122)

for i = 1, 2, 3. This expression may be written in non-
component form as

0 = V [exp(-8V)°Dp] (12b)

where V, is the orientational del operator whose covariant
components (V ), are given as 9/d¢* if the operator acts
on a function and g7/%3(g'/? ...) /d¢* in eq 12 and elsewhere
if the operator is contracted with contravariant compo-
nents of a vector to give its divergence. (Note from eq 3
that the 3 X m matrix °Dp is a set of 3 m-dimensional
vectors when derivatives with respect to orientational co-
ordinates are concerned; i.e., its components transform this
way if we change orientational coordinates but not posi-
tional coordinates.)

Orientational gradients of V give rise to an internal
m-dimensional generalized force f = -V V. Equation 12
can then be stated as the condition that a 3-dimensional
vector dp vanish, where dp is defined as

dp = (V, + 80)<Dp (13)
In the absence of surface terms, the identity
Tr (RPD'CDP) = —dp'l‘pD (14)

can be shown to hold, so that eq 11 reduces to the simpler
form

tDP = tDD + (1/3)dp'rPD (15)
Thus, in the absence of orientational boundaries, the av-

erage microscopic displacements of an arbitrary point P
differ from those of the center of diffusion by a factor
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involving the average projection of dp along rpp.

Using eq 5b to replace °Dp in eq 13 determines the
position of the center of diffusion relative to any other
point P. The relative position vector rpp is the solution
of the equation

(V¢ + Bf)'rD'le'pD = —dp (16)

where we have rewritten the matrix Rpp! in the dyadic
form V _rpp. (Note that rpp is a set of 3 functions when
derivatives with respect to orientational coordinates are
concerned; i.e., the component values of rp, are inde-
pendent of the coordinates used to represent an orientation

®).

When there are no internal degrees of freedom, our
results agree with those previously obtained for rigid bo-
dies. In this case, the diffusion matrices *Dp, °Dp, and 'D
are all 3 X 3 matrices, and the dp vector reduces to V Dp,
which involves only changes of “Dp under rigid rotational
displacements. From rigid-body kinematics, the Cartesian
components of dp can be explicitly expressed as!

. 3 .
det = X Dy (17)
Jk=1

where €193 = €310 = €231 = 1, €132 = €391 = €913 = —1, otherwise
Eip = 0.

JAs seen, dp vanishes if and only if °Dp is symmetric.
From simple kinematics, the operator relations Rpp =
—rpp x and Rpp' = x rpp hold for a rigid body, where x
denotes vector cross-product. With these replacements,
the transformation relations given in eq 5 agree with
previous expressions for rigid bodies.*!! Let V. then act
on eq 5b, and use methods given in Appendix B of ref 29
to evaluate orientational divergences according to

Vw'rD'lerpp = —V‘p'(rD X rppr) = —[(TI‘ l']))I - x'D]’].'Pp/
(18)

where I is the unit matrix. We obtain previous expressions
for the location of the center of diffusion relative to any
other point P in the body*!!

rpp = [(Tr 'D)I - 'D]%d, (19)

where the exponent -1 denotes matrix inverse.

Explicit results like these for rigid bodies generally
cannot be obtained for flexible bodies, primarily because
hydrodynamic interactions between different portions of
the body act to produce diffusion matrices with compli-
cated dependence on internal configurations. To locate
point D from some other point P, then, we must generally
solve a second-order partial differential equation in m
dimensions for each of the 3 components of the relative
position vector rpp. As shown later by the example of a
bent rod, orientational motions of highly symmetric bodies
can sometimes be decoupled into internal motions and
overall rigid motions. In these special cases, rigid-body
kinematics can then be used to reduce eq 16 to a partial
differential equation involving only the m — 3 internal
coordinates.

Macroscopic Translational Diffusion

The translational diffusion of a body over macroscopic
distances that are much larger than the body’s size is
governed by some representative diffusion coefficient D,.
In the preceding section, we considered a coefficient *Dp
that governs the average microscopic motions according
to Brownian motion eq 8. As shown, points displaced from
the center of diffusion have increased tDp values since their
motions include additional contributions from rotational
and internal motions. However, all points of a body must
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diffuse over macroscopic distances at the same rate. In-
tuitively, if we equate D, with any *Dp, these additional
motions should not contribute, and the minimum value
tDp should be used. To rigorously show that this is the
correct choice, we reduce the complete diffusion equation
governing all m degrees of freedom to the ordinary
translational diffusion equation for an idealized point
particle with diffusion coefficient D,. Our approach closely
follows that of ref 11 and 29.

We consider a suspension of identical flexible bodies that
is sufficiently dilute to ignore interparticle effects. Let p
= p(rpe,t) be the density of particles at time t with pos-
ition rp and orientation ¢. That is, there are pd®rd™e
particles with positions within volume element d®r about
rp and orientations within d™e about ¢. The description
that follows is equally valid for any point P in the body.
Let ¢ = ¢(rp,t) be the particle concentration, that is, the
density regardless of orientation, given by

c= [ olenetig? dme (20)
The equation of particle conservation can be written as
dp/0t = =VtJ -V 1 (21)

where V is the usual del operator with Cartesian compo-
nents d/dx;, fori =1, 2, 3, V is the orientation del operator
defined previously, and *J and *J are the translational and
orientational flux, respectively. We assume that there are
no convection currents, external forces, or torques present.
The diffusive contribution to the flux is given by Fick’s
law according to

W = “tDp'Vp - CDPT'va
'J = <D pVp - DV p 22)

while the flux contribution driven by the internal potential
is given as

tJ = chDPT‘f
J = 8p'Df (23)

Adding these contributions and substituting in the con-
tinuity equation give

dp/8t = VDpVp + V<DV, - 8f)p + Y DpVp +
VDY, - f)p (24)

This is the complete diffusion equation for the flexible
body. In contrast, the ordinary diffusion equation can be
written as

dc/dt = DV% (25)

where V2 is the Laplacian V-9, ¢ is the particle concen-
tration, and D, is the particle diffusion coefficient.

We wish to integrate out the orientational dependency
in eq 24, equate our results with eq 25, and obtain D, in
terms of the diffusion matrices. Of course, without
knowing the orientational dependence we cannot imme-
diately do this. As a particle moves over macroscopic
distances, it randomly tumbles many times and intuition
suggests that we could simply assume a Boltzmann dis-
tribution internally determined by potential V and iso-
tropic with respect to external laboratory axes. However,
it is easily seen that this immediate assumption of orien-
tational equilibrium leads to the identification D, = *Dp.
That is, the resulting ordinary diffusion coefficient would
depend on the particular choice of point P.

To proceed, we turn to perturbation methods. Let [ be
a characteristic particle size and 7 a time scale charac-
teristic of particle motion over I. We introduce dimen-
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sionless diffusion matrices according to
Dp* = (1/1'Dp  Dp* = (r/)Dp  D* =7D

Let I’ > [ be a characteristic macroscopic distance and 7
> r a time scale appropriate to diffusion over this distance.
Then t* = t/7 and V* = |’V are dimensionless. Noting
that in Brownian motion the square of the displacement
is proportional to the time interval, we pick the macro-
scopic time scale by choosing 7 = 7(I’/I)2. Equation 24
can then be written entirely in terms of dimensionless
quantities as

dp/0t* = V*IDp*V*p + 1V*DpM*(V, - f*)p +
TV Dp*V*p + 2V AD*(V, - £%)p (26)
where f*B gf and ¢ = [/, with ¢ « 1.
With the exception of ¢, we assume that all terms in eq

26 are the same order of magnitude. Substituting the
perturbation series

p=p0+epl*+62p2*+...5p0+p1+p2+...

into eq 26 and equating equal powers of ¢ yield a series of
dimensionless equations that can then be rewritten in the
original unstarred notation. Recognizing that the diffusion
matrices are constants with regard to the operator V and
using the operator replacements

V<DV, ~ B) = V,DpV - dpV

L =V D«(V, - sf) 27
we obtain two constitutive relations
Lpo =0 (28&)

Lp, = —-dpVp, - 29-<Dp'(V, - )0, (28b)
plus the series

Lpirg = 0p;/0t - V'DpVp; + dpVpisy — 2V DpVppy
’ (28¢)

fori=0,1, .., =,
Equation 28a is satisfied by the Boltzmann solution
describing internal equilibrium, namely

po = Nc, exp(-V) (29

where N is the normalization coefficient given in eq 6b,
and ¢y = ¢y(rp,t) is the associated concentration. In the
previous section on microscopic motions, we assumed that
the configurations of an isolated particle are distributed
according to Boltzmann statistics. For that assumption
to hold here as ¢ — 0, it follows that the lowest order
solution given by eq 29 must also be the unique solution
to eq 28a.

Using eq 29 causes the second term on the right-hand
side of eq 28b to vanish identically. The general solution
to eq 28b is

py=TppVpg Y (30)

where ¢ vanishes identically when substituted in eq 28a.
To verify that the first term is, indeed, the particular
solution, use the identities V 0, = 8fp, and Rpp' = V rpp
to rearrange the resulting left-hand side of eq 28b as

. V. D-Rpp'Vpq
When the action of V, is restricted within braces, this
expression becomes
{(V, + B£)*D-Rpp'}-Vi,
From eq 5b, 'D-Rppt can be replaced by Dy — °Dp, and

from eq 13, the braces reduce to dj, — dp, or just —dp, since
dp vanishes.
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Having verified that rpp-Vpq is a particular solution, we
note that, since rpp is body-fixed while V is space-fixed,
their dot product vanishes when isotropically integrated
over all external angles the body makes with laboratory
axes. As such, the associated concentration c, is solely
determined by the ¥ term. For most models, the only
solutions of Ly = 0 are proportional to the Boltzmann
distribution, so Y = (¢,/co)p,. Because operator L is iso-
tropic with respect to external laboratory axes, ¢ must be
also. Other than this symmetry, the functional form of
is not needed for the analysis below. Thus when the
first-order correction is included, the distribution is an-
isotropic with respect to external laboratory axes. The bias
depends on the dot product between the lowest order
spatial gradient and the position vector between point P
and the center of diffusion. If macroscopic spatial equi-
librium is obtained, p, is independent of location and this
anisotropy disappears.

Equations 29 and 30 are valid for any flexible body. To
continue this section, we assume that there are not
boundaries for the space of orientational coordinates. As
such, the left-hand side and the last term on the right-hand
side of eq 28c vanish identically when integrated over all
orientations. For i = 0, we obtain

dco/dt = f VD Vog'/2 d™e (31)

with Dy’ defined as
tDP’ = tDp - 1/2(('1131'1:1) + l'Pde) (32)

Since p, given by eq 29 is isotropic with regard to external
axes, eq 31 becomes

deg/0t = (1/3) Tr 'Dp'Vikc, (33)

with the overbar symbol defined by eq 6. Although ‘Dy’
depends upon the particular point P being used, its
Boltzmann average does not. From eq 7 and 32

(1/3) Tr Dy ='Dp- (1/3/dprpp  (34a)
or from eq 15
(1/3) Tr Dy =Dy (34b)
so that ¢, obeys the ordinary diffusion equation
dcy/ 8t = DV, (35)

regardless of which point P is being used.

In the limit that ¢ vanishes, i.e., for macroscopic dis-
tances, we identify eq 35 with eq 25 and find that, indeed,
all points in the body diffuse according to the ordinary
diffusion equation with the same coefficient D, given as
D, =Dy, This is our desired result. Even though we used
a perturbation approach, our result becomes exact in the
limit of macroscopic distances.

Experimentally, a macroscopic distance is one for which
¢ is sufficiently small to ignore possible higher order cor-
rections. Unlike ¢, subsequent expressions for ¢;, with {
> 0, generally depends on the particular point P. That
is, rotational and internal motions about the center of
diffusion enter into the results. However, if we use the
center of diffusion, it is easy to show that we again regain
the ordinary diffusion equation for ¢, involving tD,. To
order ¢ then, the translational motions of the center of
diffusion are governed by D,. At order ¢, the ordinary
diffusion equation no longer applies to even the center of
diffusion. At this order, it is no longer possible to treat
translational motions independently of the details of
orientational relaxation from the particle initial conditions
involved.

Macromolecules, Vol. 18, No. 12, 1985

Internal Boundary Conditions

In preceding expressions requiring integration by parts,
we assumed that the orientational degrees of freedom
constitute an unbounded space. This assumption can be
made without any loss of generality, because the internal
potential V can always be chosen to obtain a distribution
limited to certain flexible configurations. However, the
presence of unbounded domains often becomes unwieldy
when numerical methods are used, and, in practice, im-
penetrable barriers are usually imposed to restrict internal
configurations.

We now assume that internal boundaries are present.
All orientational averages, such as those involved in de-
fining *Dp, are, of course, restricted to the allowed internal
configurations. 'Dp still has its minimum value at that
unique point that is defined for any flexible body by eq
10. Equations 10 and 11 are general results that hold for
any flexible body. However, subsequent redefinitions of
the center of diffusion in eq 12 and 13 must be augmented,
since integration by parts was used, and there will now be
surface terms present. Retracing the steps leading to eq
13 generates an additional boundary condition: if n is
some m-dimensional unit vector field normal to the
boundary, then 'Dp can have a minimum value at some
point P only if

n<Dp = 0 (36)

vanishes everywhere along the boundary. That is, the
center of diffusion is now defined by condition that dp
vanish for all allowed internal configurations, and that,
along any configurational boundaries, the normal projec-
tion of ‘Dp vanishes.

When the complete diffusion equation is considered,
there is now the additional requirement that the flux *J
across any internal boundary must vanish, where *J is
given by eq 22 and 23. A perturbation expansion of n-"J
= () yields

n'D(V,~ Bf)py = 0 (37a)
n'D-(V, - 8f)p; = n<DpVp;, (37b)
on the boundary, for { = 1, 2, ..., ». Equation 37a is

identically satisfied by eq 29 for p,. Substituting eq 29 for
po and eq 30 for p; in eq 37b and using eq 5b lead to the
condition n-*Dp-Vp, = 0, which is satisfied by eq 36. Thus,
internal boundary conditions imposed on the orientational
flux are satisfied by the previous solutions through order
¢ regardless of the choice of point P being used.

Equations 31 and 33 for dc,/dt still apply when eq 37
is used to eliminate any flux through internal boundaries.
However, the tensor Dy’ involved there is now no longer
given by eq 32, which holds only if surface terms vanish,
but according to the more general expression

Dy’ = 'Dp + (1/6)(RppDp + ‘Dp"Rpp’)  (38)

which holds for any flexible body. Taking the trace of eq
38 and using eq 11, we again obtain eq 35. That is, ¢, still
obeys the ordinary diffusion equation with diffusion
coefficient tDp, without regard to which point P is being
used or whether internal boundaries are present. The
comments that follow eq 35 also remain true. In particular,
the center of diffusion still characterizes the translational
motion of a body through order €.

The use of an impenetrable barrier is entirely consistent
with the notion that all internal dynamics are governed
by an internal potential. That is, an internal boundary
can be considered as a limiting internal potential in which
V is represented by a step function across the bounding
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surface. The generalized force f then has an additional
component along the boundary that is normal to the
surface and that involves a Dirac é function. If we remove
this additional component from the associated dp vector
and use the delta function property in the various orien-
tational integrations, the results are equivalent to those
obtained here in which we simply imposed a boundary.

Allowing for the presence or absence of internal
boundaries, we can summarize the properties of an isolated
flexible body as follows. The macroscopic diffusion
coefficient D, is equivalent to *Dp, where the overbar av-
erage is extended over all allowed orientations and the
center of diffusion, point D, is the unique point in every
body with the least average Brownian motion. The center
of diffusion is the only point where dp vanishes for all
allowed configurations and n-°Dp vanishes at any config-
urational boundaries.

Rigid-Body Approximation and Bounds on D,

A useful approximation to D, follows in which each
configuration of a flexible body is considered as a rigid
body. The diffusion coefficient of each configuration is
found by rigid-body formulas, using the appropriate rig-
id-body center of diffusion for that body, denoted point
D’. Averaging over all configurations, the resulting
translational diffusion coefficient, denoted D/, will gen-
erally differ from D,, since the dynamic aspects of flexi-
bility, involving translational coupling to internal motions,
have been left out. In the Appendix, we show that these
coupling effects are inherently beneficial, at least within
the framework of low Reynold’s number hydrodynamics
used to generate diffusion coefficients. That is, D, = D/,
with the equality holding only if the coupling terms
evaluated at point D’ are identically zero for all configu-
rations. One model for which these terms do indeed vanish
is the elastic dumbbell considered by Zimm!€ in which two
identical beads are connected along an axis by a spring.
By symmetry, the translational motions of the dumbbell’s
midpoint are independent of distance changes between
beads. If the beads are not identical, this decoupling no
longer occurs. More realistic models would be expected
to have a preponderance of asymmetric configurations in
which internal motions cannot be decoupled from the
translational motions of point D', In general, then, the
rigid-body approximation underestimates the actual ma-
croscopic diffusion coefficient of a flexible body.

Since using any point P of a flexible body other than the
actual center of diffusion overestimates its macroscopic
diffusion, we know that Dy = D,, with *Dp given by eq 9.
Although the center of mass, point M, is not directly in-
volved in diffusive behavior, it may remain close enough
to the center of diffusion for 'D, to provide a good ap-
proximation to D,. Another useful point is the rigid-body
center of diffusion at each configuration, point D’, whose
location is algebraically determined by eq 17 and 19. Point
D’ would have the slowest microscopic motions in a rigid
body but not in the actual flexible body. As shown in the
example that follows, the difference between Dy, and D/
is slight while that between Dy, and D,’ is even smaller.
This suggests that D, may be determined from these
bounds to an adequate accuracy in most if not all cases
without actually having to solve the complicated partial
differential equation determining the location of a flexible
body’s center of diffusion.

Application to a Hinged Rod

As a simple example with 1 degree of internal freedom,
we consider a long rod that has a frictionless hinge at its
center and undergoes planar bending. Bead-model
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Figure 1. Bead model of a hinged rod bent at its center by angle
a. Right-handed axes 1, 2 and 3 are located at the contact point
O between the two rod halves. Axis 3 is normal to the bending
plane, while axis 2 bisects the angle between rod halves.

methods will be used in order to provide a realistic hy-
drodynamic treatment that includes hydrodynamic in-
teractions between rod halves (for a general review of these
methods, see ref 12). Each rod half is represented by a
collinear array of identical touching beads. As shown in
Figure 1, the rod halves attach at a point O midway be-
tween the centers of their end beads. This connection
avoids interpenetration of the beads as the rod bends by
angle o from a straight rod at « = 0° to form a side-by-side
hairpin at « = £180°. Right-handed axes 1, 2, and 3 are
placed along the symmetry axes of the body, with axis 3
normal to the plane containing the rod halves and axis 2
lying between them.

The three translational degrees of freedom are repre-
sented by point P’s displacements Ax’ along axes 1, 2, and
3. For the 4 orientational degrees of freedom, the first 3
are represented by rigid rotational displacements A¢ about
axes 1, 2, and 3 and the last by bending displacements Ac.
By symmetry, these are principal axes for rotations and
translations, and bending motions are not coupled to ro-
tations. As such, the 3 X 3 matrix ‘Dp and the 4 X 4 matrix
D are diagonal. By symmetry, the center of diffusion must
lie along axis 2, and we restrict further considerations of
positional dependence along this axis. The 4 X 3 matrix
°Dp then yields only three nonzero coefficients: °Dp!3,
involving coupling between rotations about axis 1 and
point P’s translations along axis 3; °D;%, involving coupling
between rotations about axis 3 and point P’s translations
along axis 1; and °Dz*, involving coupling between bending
and point P’s translations along axis 2. For convenience,
let Do = 144 and cDchZ = CDP42~

To evaluate these diffusion coefficients, we apply
bead-model methods developed for segmentally flexible
bodies.* This approach can be summarized as follows: the
hydrodynamic drag of an isolated bead i’ of radius a is
given by the usual Stokes factor {; = 6wna, where 7 is the
solvent viscosity, and hydrodynamic interactions between
bead pairs j’and k’ are represented by a modified Oseen
tensor T, first derived by Rotne and Prager.®**! For a
spatial arrangement of n beads corresponding to the hinged
rod at some particular a, we load a 3n X 3n “supermatrix”
Q with off-diagonal 3 X 3 blocks Q;» = {;Tj and diagonal
3 X 3 blocks Q;; = I. Inverting Q yields a 3n X 3n su-
permatrix 8. S is decomposed into 3 X 3 blocks S, that
are used to generate matrices A;;, C;;, D, for i, j = 1, 2,
that characterize the complete hydrodynamics of the two
rod halves regardless of the nature of their attachment.
By the use of displacement representation described above,
these matrices are then projected on the allowed degrees
of freedom to generate the 7-dimensional hydrodynamic
resistance tensor K for the hinged rod. At low Reynold’s
numbers, a generalized Stokes-Einstein relation holds. We
thus invert K and obtain the 7-dimensional diffusion
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tensor D = kTK™! that contains the desired components.
For simplicity, this procedure is carried out at the hinge,
point O. The nonzero components of *Dp and °Dp can be
obtained at other points along axis 2 by using the trans-
formation relations given in eq 5. Let 2 be a unit vector
along axis 2, so rpp = yop2. The needed nonzero compo-
nents of the 3 X 4 matrix Ryp can be expressed as

31 13 —
Rop® = ~Rpp" = yop

24 —
Rop* = yop

where yop = dygp/da.

In the absence of any internal potential, we assume an
equilibrium ensemble of hinged rods would be uniformly
distributed over a. As such, we take g'/2 to be an ignorable
constant, a choice which reduces V, to d/d« in all ex-
pressions. With g!/2 constant, the orientational average
h of any function h(a) becomes

f= a‘”h(a) exp[-8V(a)] da/ f " exp[-8V(2)] da
(39)

where a is generally bounded between two limits a, and
ay. Recalling the definition

tDP = (1/3)(tDP11 + tDP22 + tDP33)

and using eq 9, we can express 'Dp for any point P in terms
of quantities evaluated at the hinge according to

tDp =Dy + (1/3)[(DY + *D3¥)yp? + D*ypp?] +
(2/3)[(°Do" ~ D) yop + “Do**yop] (40)

For the center of diffusion, point D, this expression further
reduces (see eq 11) so that the macroscopic diffusion
coefficient can be expressed as

D, = ‘Do - (1/9[CD™ + D¥)yop® + D50’ (41)

Equation 16 for yop also simplifies. From symmetry, dp
= dp2. To evaluate dp, we note that rotations are decou-
pled from internal bending, so V°Dp is the sum of a
rigidlike term given in eq 17, and a term 3°Dp*?/da.
Equation 13 yields

dP - cDP31 - cDPIS + 6chPa2 + acDPaZ/aa (42)

where f = -9V (a}/da. Equation 16 similarly partitions into
rigid and internal portions. Using eq 18 to evaluate the
rigid portion, we have

Daa}-)OD + (BfDaa + aDaa/aa)yOD — (rDll + rD33)yOD =
-do (43)

where yop = d%ygp/da’.

For « bounded between «; and «,, we have the addi-
tional boundary condition that °Dj?? vanish at these limits.
From eq 5b, yqp is then given at «; and «, according to

yOD = _cDan/Daa (44)

A general approach to locating the center of diffusion
is to impose two boundaries and start with some trial value
for ygp at a4, such as that corresponding to the center of
mass. With eq 44 for yyp at «;, numerically integrate eq
43 to obtain a trial solution for yop from a = a; to a = a,.
This trial solution will generally not satisfy eq 44 at a..
Readjust the initial trial value of ygp at «; and start again,
proceeding until satisfactory agreement is obtained with
the required boundary condition at ay. If an internal
potential V(a) is present and is intended to be the sole
restoring force, then a; and «, should be place at regions
of high potential where the Boltzmann factor would be
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Table I
Various Translational Diffusion Coefficients for Several
Centrally Hinged Rod Models®

O, deg Dt DL/ tDD/ tDM CDO
Without Spring Potential®
5 1.000 1.000 1.000 1.008 2,191
45 1.001 1.001 1.001 1.010 2.156
90 1.004 1.004 1.005 1.019 2.109
135 1.020 1.019 1.022 1.038 2.123
180 1.063 1.060 1.067 1.077 2.215
With Spring Potential®
5 1.000 1.000 1.000 1.008 2.191
45 1.001 1.001 1.001 1.011 2.156
90 1.009 1.008 1.009 1.023 2.130
135 1.025 1.024 1.027 1.040 2.148
180 1.038 1.036 1.040 1.052 2.169

3 Coefficients normalized to D, for straight rigid rod. ®f =0, ~a,
< a2 +ap ‘Bf=Ka,—» £ a2+, K chosen to give same & as f
= 0 case with corresponding oy,

quite small and there would be negligible effect of intro-
ducing additional cutoffs.

An interactive Fortran program was used to determine
the location of the center of diffusion and obtain orien-
tational averages. The diffusion coefficients are evaluated
from the bead-model procedure at approximately 25 dis-
creetly spaced « values. Cubic spline interpolation is used
so that all coefficients in eq 43 and 44 appear to the calling
routines as smooth continuous functions of « from 0° to
180°.32 By standard practice, the second-order differential
equation for yp in eq 43 is replaced by a pair of coupled
first-order equations. These equations are integrated si-
multaneously with a fourth-order Runge-Kutta method
in which step size can be decreased to satisfy desired error
tolerances. For all cases treated here, the potential as well
as any restrictions on bending are symmetric about o =
0°, so that y(a)gp = —y(-a)gp and —a; = ay = ag, with oy
assumed positive. As such, we integrate eq 43 from o =
ag to 0° and replace the boundary requirement at o« = ~q;
with the equivalent requirement that y,p = 0 at o = 0°.%
The program was run on an IBM-XT equipped with an
8087 numeric data-processing chip with a compiler that
supports the 8087 and allows all calculations to be done
in double precision (approximately 15-digit accuracy) with
negligible increase in computation time.

Various results are summarized in Table I.  As indi-
cated, the top set are obtained without any internal po-
tential present (f = 0) for several values of o, In the
bottom set, a spring potential is present with §f = -Ka.
Taking K = 8/(ray?) gives a distribution average of « over
all angles from 0 to = equal to that obtained for a given
ag in the top set. For comparative purposes, this corre-
sponding value of o, has been indicated in the bottom set
rather than the K value used. Finally, with the spring
potential present, the a value used to start the solution
for ygp is taken as 180° to prevent interpenetration of the
rod halves. When the results are compared, there is seen
to be little difference between a hinged rod freely bending
within a restricted range or bending in the presence of the
corresponding equivalent elastic restoring force.

For simplicity, all diffusion coefficients are normalized
to the D value obtained for the straight rigid rod with «
= 0°. Column 2 gives the desired macroscopic diffusion
coefficient values for the flexible rod. D, increases as aq
increases, primarily because of the enhanced hydrodynamic
shielding between rod halves for configurations with large
«. The actual increase is slight, with the maximum being
only 6.3% greater than that for the straight rigid rod.
Column 3 gives the rigid-body approximation results.?* As
seen, D,’ is an excellent approximation to D, with the
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maximum difference being only 0.3%. As required, D,’ is
also found to be less than D,, although this difference is
often below the level of precision in Table I.

The last three columns give translational diffusion
coefficients governing the average microscopic displace-
ments of selected points in the flexible hinged rod. For
the rigid-body center of diffusion, point D', eq 19 yields

Yoo = _(CDOIB - cDO31)/(rD11 + rD22)

For the center of mass, point M, yoy = —10a sin (a/2),
since each rod half has 10 beads of radius a. The coeffi-
cients evaluated at points D’ and M provide excellent
approximations to D;, with the maximum difference being
only 0.4% using *Dp and 1.4% using D). As required,
these two coefficients are always found to be greater than
D,, although this difference is often below the level of
precision in Table 1. Finally, the microscopic motions of
the hinge are seen to be substantially greater than these
other points with D, values at least twice as large as any
of the other coefficients.

Discussion and Conclusion

Foliowing earlier studies on rigid bodies, we have shown
that flexible macromolecules also have a well-defined
center of diffusion. In terms of microscopic Brownian
motions that are small on the scale of body size, this point
undergoes the slowest average translational displacements.
The location of the center of diffusion was shown to be
determined by a second-order partial differential equation
with boundary conditions imposed along any internal
boundaries.

Using perturbation methods, we identified D,, the
coefficient characterizing macroscopic translational diffu-
sion, with *Dp evaluated at the center of diffusion. Al-
though this finding was anticipated on intuitive grounds
from the minimum properties of the microscopic coeffi-
cients, the perturbation analysis constitutes a rigorous
proof. For not fully macroscopic conditions, we showed
that corrections to the ordinary diffusion equation with
coefficient D, appear at order ¢ for the center of diffusion
but may appear to order ¢ for other points, where ¢ is the
ratio of body size to the diffusion distance involved.

Using a rigid-body approximation, we also showed that
the dynamic effects of flexibility, those involving the
coupling of internal motions to translational motions, give
positive contributions to D,. That is, considering each
configuration of the flexible body as a rigid body, deter-
mining its macroscopic diffusion coefficient using rigid-
body methods, and then configurationally averaging over
the same internal distribution result in a coefficient that
generally underestimates D,.

As an example, we evaluated the diffusive behavior of
a frictionless centrally hinged rod under a variety of
bending restrictions. Bead-model methods were used in
order to properly treat hydrodynamic interactions between
rod halves. Flexibility was shown to have little effect on
D,. For the bead model used with 10 beads on each arm,
D, increased at most 7% from that for a straight rigid rod
with 20 beads. These results with increased D, primarily
reflect enhanced hydrodynamic shielding between rod
halves at large bending angles. In fact, these results differ
in sign from earlier estimates in which hydrodynamic in-
teractéons between rod halves were ignored in the long-rod
limit.

In all cases, the D, values for the hinged rod were de-
termined within less than 1% by upper and lower bounds.
The lower bound was obtained from the rigid-body ap-
proximation, while the upper bound was obtained from the
evaluation of *Dp at either the center of mass or the rig-
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id-body center of diffusion that would be used for a cor-
responding rigid bent rod. These bounds suggest that, for
most practical purposes, D, may be estimated to an ex-
cellent degree without having to actually solve the partial
differential equation defining the center of diffusion of a
flexible body.

Finally, we comment on the validity of two assumptions
underlying this work: dynamic interchangeability and
Boltzmann statistics. In order that a macromolecule be
correctly characterized by one coefficient D,, it must be
able to sample all its internal configurations on a time scale
shorter than that involved in a macroscopic measurement.
Thus, polymers that can become quite entangled may be
beyond this treatment. A generalization of this work would
be to assign each distinct set of interchanging configura-
tions its own D,. For simplicity, we have employed the
usual assumption that classical Boltzmann statistics govern
allowed internal configurations. This may not be true for
models employing quantum mechanical distributions or
models allowing unbounded potentials with multistable
internal distributions. However, the qualitative findings
of this paper can be shown to remain the same if the
Boltzmann distribution is replaced by any arbitrary
steady-state internal distribution.
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Appendix: Proof of Rigid-Body Approximation
Inequality

We wish to prove that D, = D/, where D, is the ma-
croscopic translational diffusion coefficient for a flexible
body and D/’ is obtained from a rigid-body approximation.
In this approximation, each flexible body configuration is
considered as a rigid body whose macroscopic translational
diffusion coefficient follows from rigid-body formulas. Let
the diffusion coefficient governing the average microscopic
motions of any point P in a rigid body be denoted 'Dy'.
Averaging this coefficient over the configurational distri-
bution gives D’ = *Dp’, where point D”is the rigid-body
center of diffusion. On the other hand, D, = *Dp,, where
point D is the actual center of diffusion for a flexible body.
Also, Dy’ = *Dp/ holds for any other point P in a rigid
body, including point D, so if *Dp 2z Dy, then D, = D/
By definition

tDp = (1/3) Tr tDp(flexible)
tDp’ = (1/3) Tr *Dp(rigid)

where ‘Dp(flexible) and *Dp(rigid) are the 3 X 3 matrices
governing the translational motions of point D for a flexible

- and rigid body with the same configuration. Thus, to show

that D, = D/, we prove that Tr *Dp(flexible) = Tr *Dp-
(rigid) holds at any configuration.

At low Reynold’s numbers, the hydrodynamics of a body
are represented by a symmetric resistance tensor K of
appropriate dimensionality. We can always represent the
allowed degrees of freedom such that the first three de-
scribe the translational displacements of point D, the
second three describe rigid orientational displacements,
while any n remaining describe internal displacements. As
such, K respectively partitions into 3 X 3 matrices *K, K,
and ™K governing translational motions, rotational mot-
ions, and rotational-translational coupling, n X 3 matrices
*K and K governing internal-translational coupling and
internal-rotational coupling, and an n X n matrix K
governing internal motions. Explicitly
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17 7¢ K tiK
K="K ©®K K
itK irK iiK

where YK = "K', K = K K = "K', and % denotes
matrix transpose. Since K is symmetric and positive-
definite (positive principal values), so are K, "K, and K.
Applying the generalized Stokes—-Einstein relation D =
kTK™ generates the symmetric diffusion tensor D gov-
erning the 6 + n allowed degrees of freedom, of which the
needed matrix 'Dp forms the upper left 3 X 3 block.

For the rigid body n = 0. Using partitioning theorems
for matrix inversion®

*Dp(rigid) = kT*H?
'Dp(flexible) = kT(*H™! + E)

where
E = tH-LeHWZ-LeH !
Z = 'H - ‘HH L.H'
and
tH =K — trK,rrK-l,rtK

g = iK - rR.oK-LAR
°Hq = itK — rKoK-LK

Since K is positive-definite, so are the symmetric matrices
tH and 'H. By construction, symmetric matrix E is then
positive semidefinite (nonnegative principal values). Thus,
Tr E = 0, from which we conclude that Tr *Dp(flexible)
= Tr 'Dp(rigid) indeed holds for an arbitrary configuration.
Q.E.D.
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Since DM and D2 blow up at o = 0°, some care is needed to
carry out their interpolations without introducing spurious
spline wiggles. For a < 15°, both coefficients are replaced by
limiting forms proportional to sin~? («/2) and sin™ («/2), re-
spectively, which match discrete values at o = 15°. The spline
fit is made to discreet « values = 15°, with first derivatives
matching those of the limiting forms at 15°. Graphics routines
were used to verify that the resulting functions, as well as all
other needed diffusion coefficients, appear smooth over all «.
Since DY and °D;!® blow up at a = 0°, the final value is
actually obtained at a small positive angle e < 1°. For a par-
ticular choice of f and/or «y, the calculated D, obtained by trial
and error has a clear minimum about a particular ygp(e), con-
sistent with that expected for the center of mass or the rigid-
body center of diffusion at e. To the level of precision required
for D, in Table I, this procedure gives results indistinguishable
from those obtained at ¢ = 0°.

These results use the same bead configuration considered as
a rigid-body. The needed diffusion coefficients are obtained
from the methods of ref 14 as follows. With the same dis-
placement representation for rotations and translations, the
matrices A, C;;, and D;; are now projected onto the allowed
6 degrees of freedom to generate a hydrodynamic tensor K.
Inverting K gives a six-dimensional diffusion tensor D =
KTK! with nonzero components 'Dg and *D*; fori = 1, 2, 3,
¢Dp'3 and *Dg*! for some point P on axis 2. Except for ‘Dp%,
these coefficients agree with those used in the flexible 7-di-
mensional case. As is easily shown, 'Dp?(rigid) = 'Dp**(flexi-
ble) - (Dp*?)?%/ Do,

Ayres, F. “Schaum’s Outline of Theory and Problems of
Matrices”; McGraw-Hill: New York, 1962; Chapter 7.



